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Moxkasul (1954) has worked out the efficiency of stratification for
the ratio method of estimation with equal probabilities of selection
in sub-sampling designs. There may be further gain in efficiency if
the units are selected with probabilities proportional to some measure
highly correlated with the character under study. Following Sukhatme
(1954), who has worked out the efficiency of stratification with varying
probabilities of selection with replacement for a single variate, formulae
are derived in this paper, to estimate the efficiency of stratification for
the ratio method of estimation when sampling is done with Varylng
probabilities of selection and with replacement

Let
| N,  be the number of units in the population.
E N.. the number of units in the #th stratum.
| n, the number of units in the sample.
} n,  the number of units in the sample from the #-th
stratum.
M, the number of sub-unitsin the i-th unit of the z-th
) stratum.
My, the number of sub-units sampled from i-th unit of
the .z-th stratum.
k, the number of strata in the population.
Also let,

Yujy  be the value of the character y for the j-th sub-unit
in the i-th unit of the r-th stratum.

; Xpips the value of the character x.for the j-th sub-unit in
- the i-th unit of the ¢-th stratum.
1 Py, the probability of selectmg the /-th unit of the ¢-th
f : stratum.
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Define
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Also let,

Ziim» be the Sample mean of the i-th unit of the r-th
stratum, so. that,
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Zn({n,,-) = Z Zys

my;
j=1
Z, _ the corresponding population mean of the i-th
unit of the z-th stratum, so that
Mt
- 1 Sy
Zy = m Zm
j=1
Zy, the sample mean for the s-th stratum, so that
nt
1 U =
Zts = "z Z_‘. Zti(m”,)
i=1
Z,., the corresponding population mean, so that
Nt Mt
_ 1 =
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i=1 j=1
Zo, the sample mean, so that
" MoZi
ZIO=Z 1;} '8=Z’\tzts
t=1 0 =1
Z., the corresponding population mean.

The expression for another variate ‘v’ follows similarly.
The estimate of the ratio of y to x is given by
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and the variance of F is given by |
Var (F), = — {V(Z,,,) — 2R Cov (Z,, ,,,) + R2V(v,.,)}
where s stands for _stratlﬁcafaon
and ' '

__populdtion mean of y
~ population mean of x

- The variance of Zw is given by Sukhatme (1954) as

M
o= el et fo
’I 1=1
m—“ —-“ S u(zn}
where )
02tb’_Zr) = Z_Pti (Zn - Zt..)z
B ‘ 1 Mg i
Stuzp = 3707 Z (Zug = Zu)?
j=1

Expressions for ¥ (v,) and Cov (Zw, v,,) follow similariy.

Also . .
Var (Jus. = 55 (¥ (Z) — 2R Cov (Z5) + RV (5}

where U.S. ‘stan'd:_s for unstratified.
The variance of Z, is given as

. N
- o2 1\
Var(zs)=‘llnfz—’+ﬁzp,( —~)S1(z)
e\

where

=1

. N N . ’ " O . 5 " . . . N
Uzb(Z)=ZPt(ZI._Z-’-)2 ' ' .

Sty = 3 Z (Zy — Z,) Jl

=1
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and P; is the probability of selecting the /-th unit. Expressions for
V (v;) and Cov (Z,, v,) follow similarly

{Vér (f u.s. — Var (F)s}

1 0%z Oh(ze) | 2.025-(6))
- 2{(—71 2R_n~+R'T

- Z — 0%z — 2R<7tb(2wn + R o tb(vo)

+5 Z (_ - _—) (S21(Z) - 2RSI’Zu) + R2S21(,,))
1 1 . . :
Z Z ( - ]\_4;) (S%izp — 2RSk(z,0
+ stzti(vt))} - . (8)

The estimate of ¥ (Z,) and V (B,) without stratification have already
been derived by Sukhatme (1954). To estimate (8) we have to estimate
Cov (Z,, v,) without stratification in terms of the units mcluded in the
sample- with stratification.

Now,
; . ‘
Cov (Z, Bus. = E2 4 %Z P, (mil — ;7) Sz ©)
where B -
ovzw =2 P2 —Z) @ —F) (10)
and
Sxz, v = Z (Zy — Z,) (v — Uz) ‘ (11)

Let, the /-th unit in the populatlon correspond to the z-th unlt of the
t-th stratum.

Then,

&
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" where
Ny
Pt = 2 Pz
=1
and
7 Mti il Zm MtO Zm
M, P, P, Pz M0 tp,.
similarly
v, = M, Xy - __ Vg Mto Uiy
Y M,P,P, P. M, P,

P
" O'b(Zv)—'ZZPtPn( Z”—Z>(Pt _5)

t=1 i=1

(P — 55,

k N¢ )‘ 2
:ZPt.ZPn {Iﬁ
t=1 i=1 X

(Zy, — Z.) (”U”‘. —7,.)

.t (%Z —Z )(}%7_’1 - 77)}

= ZP O'tb(th) =+ Z th v, — 2, v, (12)

=1

To get an estimate of a;(z, 5 We have to estimate _the second and third

terms in (12).
| Now, we have )
Cov (Zta3 Ets) =E (Zta . 5(3)

— Tib (Zve) 4=
n,

- Zt.. Ez

2 é 173 (_ - —) St!(Ztut)

‘l—l
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7 B 5.~ &
Est. Z,. D, = Z;D, — &

n
1 1 1
n,% Z (m” - Mﬂ) Sti (Z,0) (13)
i=1 }

Where
ng
Oty (zew)) = St (Zyop) — 7 Z (m— - ﬁ) Sti(Zyvy) (14)
. =1 ti t
where

St (Zpo)) = . (th(m“) - Zts) (v”("lh — 'U”)
n, — 1

and
1 mii -
St@e) = T (Z4ii — Ziin) @ty — Vsitmg))
ti ooy .
Similarly
k
_ S )
Cov (Z.y B) = Z A2 {_gz_)
t=1
1
Z (mu Mn) Su M'v')j
= E (Zw . ’Uw). — Z_. 'U“
k A
Est. Z D = Zw . EM_Z A2 {‘?_'t_b(ztot)
t=1 nt
1 nt_‘ ) ) B 4
ng? Zl (r—n; - M;) sﬁ(zrfg)} (15)
i=1 o ,
Also

- - .Az._ N . Ea
PlS] (zv) = F?.f)‘R”S” (Zg.ug) (]6)
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. Hence from (12) and (16)

I L S , -
Cov (Z,,V)us. = Pt, atb..(’ft iy + (ZP; Zt — 4, 'U-.)

t=1 .

. r . mi
Iya? 1 N\
—}fﬁZEZPu (mﬁ — Mu) Stizpy (17)

Hence substituting the estimated value from (13), (15)-and (16) and
writing estimate of

Tty (Zyp) S Oy Ziop)

we get
) — Y )\;2 a'tb(Zm) )
ESt. COV (ngs)U.s- - Pt- -n - )
o ot=1 ey
1(YA
LR
t=1

Z (pt )
1 1
X Z (% i, Sti (ZM)}
SLER LG i)
Pt ny myy Mti) St Ewa).

-(18)

which after substitution for 6z, from (14) reduces to

"Est, COV (Zs, 'Us)Us == ( Z P Zts vts : Zw vw)

R +Znt(npt ) e 09
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Also

%

Cov (Zy BIs = ) | A2 {2tz

2
=1

Ry ‘
1 1
1 —_— e — .
T n, Z "PH (mu' Mﬁ) Suzio
i=1
and its estimated value is given by
13
- A2
Est. Cov (Zwﬁ vw)S = n— Sto (Z,01)
t
=1

Hence from (19) and (21)
ESt {COV (Zs, -’l_js)U S. COV (Zm ﬁa)s}

_H(Z—Z Dy Zwﬁw) '
_ I
+ Z m, (nP, P, np, T 71) St Zo0)

From Sukhatme (1954)
Est. {Var (Zs us. — Var (Zw)s}

k
1 Z)\ﬁ =
'—n( Pt.Zts Zw)
=1
.k AZ
f
+ZE(”P 1 nPt + )Stb(Z[)
t=1

Using similar expressions for the variate ‘v’
A consistent estimate .of {Var (f)y.s. — Var (7)s} is given by
Est. {Var (F)ys. — Var (Ps}

=53l n {(ZP‘, _Zm z.7)

Y4 VAP VI
._' 2F (ZIT; Zts Vg — w w) + F (Z vta
t=1 ’ '

(20)

@n

22)

23)

)
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—{_Znt(n._})t_‘l_ t+?1l)

X (Sztb Zy) — 2'_'Stb (Zyv4) ‘i;fzsztb (v,))}] ' (24)
If ’ ‘
— Ml
'Pl - m )
then
-P P, M, M,
T T Mo
2p XYM
1=1 1=1

It follows immediately that
Zyy =Yy = Yur = Ly
Also

M M
P _ZP Ay My A
t | 0 MO ..t

_Then (24) reduces to

Est. {Var (F)ys. — Var (r)s}

LT ) = (Dnnae)
i (Z “"‘)*ZA" (i - )

X (Sztb (y) — 2’stb‘yt) + 7 ) tb(a;))}] (25)

Example

A sample survey for estimating.the live-stock population was con-
ducted during the year 1954 by Indian Council of Agricultural Research
in the District of Poona, Bombay State. All the villagésin the district
were classified into three strata (1) villages having < 75 occupled houses,
(2) villages having more than 75 but< 200 occupied houses, and finally,
(3) villages having more than 200 occupied houses. From each

. stratum a sample of villages was selected with probability proportional
to~ the number of occupied houses in the Vxllage w1th replacement
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Each selected village was divided into clusters of 5 consecutive serially
ordered houses. From the clusters so formed a simple random sample of
4 clusters was drawn (without replacement). Since the clusters were
not of uniform sizes, so it is assumed for the purpose of illustration
that a certain number of houses were selected at random from each
selected village. The geographical area (expressed in acres) of the
village was regarded as a supplementary variate.

Table A shows the number of villages and the number of occupied
houses in the population, the number of villages in the sample the
estimated live stock number per house and the values for s? ) 8% (@)
and s, for each stratum.

TABLE A
Live-Stock Sample Survey, Poona, 1954
Stratum Ny My, 7y s Fis P | Cow | Swen
1 .| 628 26070 10 5.631 | 0-0698 | 1:6977 | 0-0057 | 0-0426
2 ..| 563 69781 20 "4.407 | 0.0264 | 3-8045 | 0-0001 | 0-0120
3 ..| 281 | 103429 30 3.245 | 0:0234 | 2-4450 | 0-0001 | 0-0039
Sum ..| 1472 | 199280 60 . .o .

The variance of the estimate of the ratio in the district is given by

Est. Var (Ps= = {Z—— (% —2FSpeep T Fzsztb(z))}

X“

The weights A, are computed in the first column. of Table B.

i TaBLE B
Computation . for Estimating Gain in Precision due to
Stratification
Stratum e - Mi¥is \ Aeye? Netts Mg A Vit
1 | 0.13082 | 0.7366 | 4.1478 | 0-00913 | 0-00064 | 0-05141

2 ..| 0:35017 1.5432 6.8009 0-00924 0:00024 | 0:04071

3 .| O 51901 1-6842 5-46562 0.01216 0.00028 0-03946

|
o v |
L

Sum 3.0640 | 16-4139 | 0:03053 | 0-00116 | 0-13158
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Substituting from the table we have,
Est. Var (F)s = 170-9224.

The difference between the variance of the ratio of an' unstratified
sample and that of a stratified sample is estimated (consistent estimate)
by equation (25) as 43-1552.. The necessary computations are made
in Table B.

Thus the relative increase in varlance if the sample were not strati-
fied would be

43-1552

170-9224 — 0292

or 25-2%.
SUMMARY

It is generally felt that in a sub-sampling design, where the primary
units vary largely in their sizes, the selection of primary units with vary-
ing probabilities leads to a more efficient estimate than samphng with
equal probabilities. So, following Sukhatme (1954) who has worked out
the efficiency of stratification with varying probabilities of selection
with replacement for a single variate, formule are derived in this paper,
to estimate the efficiency of stratification for the ratio method of estima-
tion when sampling is done with varying probabilities of selectlo*l and
with replacement.
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